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Introduction

Introduction

@ In 2001, Quantized State Systems were introduced
@ accompagnied by a first order integration method (QSS1)
@ Today, there are different integration methods (solvers) available:
@ QSS (order 1...4; non-stiff problems)
@ CQSS (order 1 only; marginally stable problems)
@ LIQSS (order 1.. .4; stiff problems)
@ Traditionally, implementations are based on the DEVS formalism
@ we may regard POWERDEVS as a reference implementation
@ In general, QSS methods
@ have pleasing convergence, stability and error bound properties
@ update system states asynchronously
@ need no iteration scheme for discontinuity handling
@ require explicit calculations only (for ODE solving w/ method order<4)
@ Focus of this talk:

@ proof-of-concept implementation of QSS1 & QSS2 methods in Scicos
@ illustration of QSS peculiarities (no mathematical subtleties) [EE]
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Quantized State System Definition

Quantized State System (QSS)

A continous time invariant system

x(t) = f(x(1), u(t)) (1)
with x € R", u € R™and f: R"” — R" is approximated by a QSS
X(t) = f(q(1), U(t)) (2)

with® X, q € R" and U € R™, where

@ Xx(1) is replaced by the quantized state q(t)

@ U(f) is a quantized approximation of u(t)

@ X(t) is an approximation of x(t)

@ q(t) and X(t) are related by hysteretic quantization
@ changes of quantization levels are events

°

eq. (2) specifies a legitimate discrete event system

2In literature, usually the same notation is used for x and X or u and U
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Quantized State System Block Diagram

Block Diagram
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@ Source, Static Function and Integrator are the building blocks
@ For simplicity, focus on blocks with scalar inputs/outputs only
@ How does/could an Integrator block work? [EE]
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Quantized State System First Order Integration Method

First Order Integration Method (QSS1, Scalar)

Choice of hysteretic quantization for X, g € R as

_JX(0) i g(tT) = X(1)| = AQ,
qt) = {q(t—) otherwise

with the quantum AQ > 0. From eq. (3) follows:

@ q(t) is piecewise constant
@ g(t) changes only, when it differs from X(t) by AQ

Quantized input U(t) € R is piecewise constant. From eq. (2)3 follows:

@ X(t) is piecewise constant,
@ thus integration is easy, and X(t) is piecewise linear

Second order QSS2 method works likewise®.

3 .
X(t) = fi , Ul
, X0 = a0, ueo) [EE]

with piecewise linear q(t), U(t), X(t), and piecewise parabolic X(t)
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Implementation Anatomy of Blocks

Anatomy of Blocks (SISO)

Single Input / Single Output:

@ e.g. Integrator, Gain, ...
@ External Event is generic

B @ Output is generic
2 @ no state
F*" e direct feedthrough

e purpose: event filtering

SISO Output »—D

v v @ SISO is operation-specific

discrete state

no direct feedthrough

E or I triggers state update
only / triggers output update

Cx

@ E and / are asynchronous
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Implementation Anatomy of Blocks

Anatomy of Blocks (DISO, SO)

External
Event

£y

Dual Input / Single Output:

I @ e.g. Sum, Product, ...
ouiput @ Ejand E; are not synchronized with /

¥
u; v

I @ E;and E; might be synchronous

@ scheme allows up to 31 inputs

J’i
&5 D) Single Output (Source):

I ! @ e.g. Step, Pulse, ...
@ @ Output block is not needed [EH]
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Implementation Representation of Quantities

Representation of Quantities

QSS method of order k = 1,2, .. .
@ input/output signal v of a block

v e RK

@ approximated state X used inside an integrator block

X e Rk+1

@ components of a quantity a = (ay, a, as, . . .)

ay : value

ao : slope (1st derivative)

as : curvature (2nd derivative) [EE]
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Implementation Static Function

Static Function (Product, QSS2)

Inputs u1, uz € R?, Output y € R? State Update & Schedule of |
State (v1, V2, i, 0) € R? x R®xR x R
Time of Last State Update ¢, Lifespan of State o e+t—1t
Initialization o bt
EiNE;y: Vi < Uy
y«<0
Vot <= Vo1 + Va2 - €
Vi < U4 o
Vo < Up EiNEs: Vo < U2
0 Vit <~ Vi1 + V2 - €
o0 Ei N E>: Vi < Uy
Vo < U2
Output Update EiVE: o0+0
Ii yr = vine vy I+ oo
Yo = Va1 - Voo + Vi - Ve next/at : t+o
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Implementation Integrator

Integrator (QSS1)

Inputs u € R, Output y € R

Parameters (xo, AQ) € R x R State Update & Schedule of |
State (X, g, i, o) € R? x RxR x R
Time of Last State Update ¢, Lifespan of State o e t—1
/ s / . b+t
nitialization I+ X X+ 0
y 0 q < X1
X1+ X AQ|
14 Xo e )Xz‘ if X, # 0,
Xo 0 oo otherwise
q<—X0 E : X1<—X1+X2~e
t/ ~—0 Xg —u
o+ 0 o 4
min {o/|AQ=|qg— X; — Xo - 0’
Output Update o’>0 { | K

next/at : t+o
I: y<—X1+X2-J

==
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Implementation Implemented Blocks

Implemented Blocks (QSS1 & QSS2)

Time Constant Step Square
Sources @> > > >
v v v v
Gain Weighted Sum Product Power2
Qss1 Qss2
Integrators '. '.
Evaluate
A 4 JJ'L\_
External
Other ™ et »| Output P > % b
’ O
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Peculiarities Event Propagation & Filtering

Event Propagation & Filtering (Feedforward)

@ Square
Feedforward

@ generates E (10)
@ Qsst

@ generates I (50)

Plot & Count
Events

Square @ propagates E and / (60)
o output
0881 ntogrator - @ filters out E (10)

@ propagates only / (50)
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Peculiarities Event Propagation & Filtering

Event Propagation & Filtering (Feedback)

@ Gain

@ receives / (51)

@ generates wo/ delay E
(61)

@ propagates only E (51)

@ Qsst

@ generates I (51)
@ propagates E and / (102)

Feedback

Plot & Count

Gain

Plot & Compare
Result

N eeeneno.n..OSSUinegrator S @ Output
@ filters out E (51)
@ propagates only / (51)

Output

==
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Peculiarities Indeterminism Effects

Indeterminism Effects

I @ Example (QSS1 with AQ = 1):

Square

x(t) = 5sign(sin(rt)), x(0) =0

@ Scicos vs. POWERDEVS
@ results are differing

@ Why?

Square Input @ Eand/att=1,2,3,...

@ simultaneous but asynchronous
@ indetermined processing order

s S e s 7 e i @ both results are valid
_.(?uantlzed St_aE? q (PowerDE\./S)

@ different implementations may yield
not the very same results [EE]
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Peculiarities Stability and Ultimately Bounded Oscillations

Stability and Ultimately Bounded Oscillations

@ Example: Stable LTI system

:

)'?(t)Jr%)'((t)er(t) =0,x(0) = 5,%(0) =0

Quantized State (1) for Q552 with AQ =3 @ QSS methods conserve (asymptotic)
stability of original system for

@ arbitrary AQ > 0 (LTI)
@ sufficient small AQ > 0 (nonlinear)

Lbblownwsoma

@ generated trajectories are
@ practically stable, i.e.
@ ultimately bounded oscillations
usually remain at equilibrium points

Lbblownwasoma

@ calculation of global error bound is
@ easy for LTI systems (explicit
formula)
oo s e E e s e e @ possible for nonlinear systems [EE]
(perturbation theory)

Lbbloanwsoa
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Simulation Examples Forced 2nd Order System

Forced 2nd Order System

2

X(t)+ x() +x() = sign (sin (lt» ,
15
o

x(0) =5, X(0) =0

State Updates with QSS1 (PowerDEVS)

AQ Integrator #1 Integrator #2

0.1 392 (+1) 412
0.01 3770 (+1) 4066
0.001 37577 (+1) 40609

State Updates with QSS2 (PowerDEVS)

AQ Integrator #1 Integrator #2

0.1 79 (+1) 68
0.01 252 (+1) 229
0.001 803 (+1) 734

(Note: difference (+1) seems to be due to a counting bug)
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Simulation Examples Nonlinear 2nd Order System

Nonlinear 2nd Order System (DUFFING Oscillator)

o 1. 3
%“" x(t) + gx(t)+x tH = 0,

State Updates with QSS1 (PowerDEVS)

AQ Integrator #1 Integrator #2

0.1 143 (+1) 129
0.01 1056 (+1) 965
0.001 10242 (+1) 9431

State Updates with QSS2 (PowerDEVS)

AQ Integrator #1 Integrator #2
0.1 20 (+1) 12
0.01 81 (+1) 64
0.001 248 (+1) 216 [E%ﬁ
! : ° * (Note: difference (+1) seems to be due to a counting bug)

Tine
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Conclusions and Outlook

Conclusions and Outlook

Conclusions:

@ implementing QSS methods in Scicos is feasible
@ simulation results are in conformance with POWERDEVS
@ starting point for full-featured implementation of QSS methods

Outlook:

@ clean-up, optimization, benchmarking with respect to runtime
@ possible tweaks of Scicos for more simulation efficiency
@ implementation of

illegitimacy detection

logarithmic quantization (absolute & relative error control)

methods for stiff and marginally stable systems

higher order methods

switches, hysteresis, saturation, ...

generic static function block

vectorial extension of the approach [EE]
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Conclusions and Outlook

Merci de votre attention! Questions?
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Conclusions and Outlook
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